Abstract. We establish the existence of positive solutions to twin time-scale problems given by the dynamic equation
introduction to the boundary value problems
We will be concerned with proving the existence of positive solutions to the twin second-order n-point nonlinear boundary value problems given by the dynamic equation (1) −u ∆∇ (t) = ηa(t)f (u(t)), t ∈ (t 1 , t n ) ⊂ T with boundary conditions α i u(t i ), u ∆ (t n ) = 0, where t 1 < t 2 < · · · < t n are points in a time scale T with t 1 ∈ T κ , t n ∈ T κ ; ∆ is the delta derivative and ∇ is the nabla derivative; n ∈ N with n ≥ 3; η > 0 and α i ≥ 0 for i ∈ {2, · · · , n − 1} with 0 < n−1 i=2 α i < 1. For example, if T = Z, (1) becomes the central difference equation for t ∈ {t 1 + 1, t 1 + 2, · · · , t n − 2, t n − 1}, and if T = {1, q, q 2 , q 3 , q 4 , . . .} for some q > 1, then the dynamic equation (1) is
solution if u satisfies (1), (2) , and u is nonnegative on [t 1 , t n ]. Throughout the paper we assume (A1) The number d := 1 − n−1 i=2 α i is positive; (A2) the function a ∈ C ld [t 1 , t n ] is nonnegative with each of A related second-order multi-point problem has been studied by Feng [1] , Feng and Webb [2] , Guo, Shan, and Ge [3] , and Gupta [4] in the case of T = R, on the unit interval, and extended to time scales in [5] . Here we extend twin versions of the n-point problem studied by Ma [6, 7] on the unit interval to time scales, using a different technique; our approach will involve an application of a functional-type cone expansion-compression fixed point theorem due to Anderson and Avery [8] . Another related paper employing mixed derivatives is [9] . For more on the general theory of time scales, see the recent books by Bohner and Peterson [10, 11] .
Preliminaries
In this section, we provide some background material from the theory of cones in Banach spaces.
Let α and γ be nonnegative continuous functionals on a cone P in a real Banach space E. Then, for positive real numbers r and R, we define the following sets: (4) P (γ, R) := {x ∈ P : γ(x) < R} and (5) P (γ, α, r, R) := {x ∈ P : r < α(x) and γ(x) < R}.
We now state the functional-type cone expansion-compression fixed point theorem. Theorem 1. Let P be a cone in a real Banach space E, and let α and γ be nonnegative continuous functionals on P . Assume P (γ, α, r, R) as in (5) is a nonempty bounded subset of P , 
for these sets as in (4) . If α(Ax) ≥ r for all x ∈ ∂P (α, r), γ(Ax) ≤ R for all x ∈ ∂P (γ, R), and for all y ∈ ∂P (α, r), z ∈ ∂P (γ, R), λ ∈ (0, 1] and µ ≥ 1 the functionals satisfy the properties α(λy) ≤ λα(y), γ(µz) ≥ µγ(z), and γ(0) = 0, then A has at least one positive fixed point x * such that r ≤ α(x * ) and γ(x * ) ≤ R.
Existence of Solutions to the First Problem
In this section we look for solutions to (1), (2) . Let E = C rd [t 1 , t n ] be the Banach space with the sup-norm, v = sup{|v(s)| : t 1 ≤ s ≤ t n }, and define the cone P 1 ⊂ E by
where
is a solution of (1), (2).
Proof. Suppose v ∈ P 1 is a fixed point of T 1 and u(t) :
The boundary conditions are satisfied due to the relation between u and v ∈ P 1 , and the definition of C 1 (v).
For
The following two lemmas highlight two essential inequalities that we will apply in our main existence theorem.
Proof. Suppose γ(v) = R and v ∈ P 1 . Since v is increasing on [t 1 , t n ], for w ∈ [t 2 , t n ] we have
,
Proof. Suppose v ∈ P 1 with α(v) = r. Since v is increasing on [t 1 , t n ],
Thus v(t 2 ) ≤ r t n − t 2 ,
We now prove our main existence theorem for the first boundary value problem.
Theorem 5. Let (A1), (A2), and (A3) hold. Suppose there exist positive real numbers r and R with r ≤ (t n − t 2 )R, such that the following conditions are met by f : and (1), (2) has at least one positive solution u * such that
Proof. We will invoke the fixed point theorem of cone compression and expansion of functional type (Theorem 1) once we have shown that its hypotheses have been satisfied. We have that P 1 is a cone in the Banach space E with the sup norm. From (6), T 1 :
, and T 1 v is increasing and satisfies the boundary conditions for all v ∈ P 1 . For z ∈ ∂P 1 (γ, R) and µ ≥ 1,
with γ(0) = 0; similarly for y ∈ ∂P 1 (γ, R) and λ ∈ (0, 1],
so that v ∈ P 1 (γ, R) and P 1 (α, r) ⊆ P 1 (γ, R). If v ∈ ∂P 1 (γ, α, r, R), then by (i) we have
If v ∈ ∂P 1 (α, r), then by Lemma 4
It follows from condition (ii) that
If v ∈ ∂P 1 (γ, R), then v(t 2 ) = γ(v) = R, and by Lemma 3 we have tn t 2 v(w)∆w ≥ (t n − t 2 )R.
As a result, for s ∈ [t 1 , t 2 ],
Thus, by condition (iii),
Therefore the hypotheses of the fixed point theorem of cone compression and expansion of functional type are satisfied. Thus the operator T 1 has a fixed point v * such that
By Lemma 2, (1), (2) has at least one positive solution u * such that
Existence of Solutions to the Second Problem
In this section we look for solutions to (1), (3) . Again let E = C rd [t 1 , t n ] be the Banach space with the sup-norm, and define the cone P 2 ⊂ E this time by P 2 = {v ∈ E : v is decreasing with v(t n ) = 0} .
The following definitions are completely analogous to those of the previous section, as are the Lemmas.
For v ∈ P 2 define the operator T 2 by For the boundary points t 1 and t n−1 , define the nonnegative continuous functionals α and γ on P 2 by γ(v) := v(t n−1 )
